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Abstract
In hydrodynamic topological transitions, one mass of fluid breaks into two or two merge into
one. For example, in the honey-drop formation when honey dripping from a spoon, honey is
extended to separate into two as the liquid neck bridging them thins down to micron scales. At
the moment when topology changes due to the breakup, physical observables such as surface
curvature locally diverges. Such singular dynamics have widely attracted physicists, revealing
universality in their self-similar dynamics, which share much in common with critical phenomena
in thermodynamics. Many experimental examples have been found, which include electric spout
and vibration-induced jet eruption. However, only a few cases have been physically understood
on the basis of equations that govern the singular dynamics and even in such a case the physical
understanding is mathematically complicated inevitably involving delicate numerical calculations.
Here, we study breakup of air film entrained by a solid disk into viscous liquid in a confined space,
which leads to formation, thinning and breakup of the neck of air. As a result, we unexpectedly find
that equations governing the neck dynamics can be solved analytically by virtue of two remarkable
experimental features: only a single length scale linearly dependent on time remains near the
singularity and universal scaling functions describing singular neck shape and velocity field are
both analytic. The present solvable case would be essential for our better understanding of the
singular dynamics and will help unveil the physics of unresolved examples intimately related to
daily-life phenomena and diverse practical applications.
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The self-similar dynamics in hydrodynamics was already on focus in 1982, when the dy-
namics of viscous instability of a moving front was studied [1] and the renormalization group
theory in statistical physics, which elucidates universality appearing in critical phenomena
in thermodynamics, was recognized worldwide beyond fields [2]. In 1993, the self-similar
dynamics was first studied for breakup of droplets (capillary pinch-off) [3], one typical ex-
ample of topological transitions. In the seminal paper, the scaling ansatz, one of the key
ideas leading to universality in critical phenomena, was shown to be useful. This paper
ignited a surge of publication on the self-similarity in fluid breakup phenomena in 1993 and
1994 [4–7]
In 1999, analytical solution for the dynamics of droplet coalescence, another typical ex-
ample of hydrodynamic topological transitions, was published [8]. This is followed by many
studies on the dynamics of droplets and bubbles, such as coalescence [9–13], non-coalescence
[14], pinch-off [15, 16], and droplet impact onto substrates [17–22], with a rapid technologi-
cal advance in high-speed imaging and numerical computing. However, since then, the field
has rather remotely been developed from the self-similar dynamics, while one of the main
foci has been on simple scaling laws [23], which is another key concept in understanding
universality in critical phenomena.
Up to date, many types of singular transitions, which is more general than topological
transitions, and associated self-similar dynamics have been found experimentally in hydro-
dynamics. Such singular transitions often exhibit universality via self-similar dynamics near
the singular point, while non-universal behavior is observed under certain conditions [24].
Other examples often related to practical applications include spout of liquid jet under elec-
tric field [25] (closely related to ink-jet printing) and jet eruption under vibration [26]. In
addition, the self-similar dynamics was found for the first time in droplet coalescence under
electric field [27] (relevant to microfluidic applications). Self-similarities are sometimes iden-
tified not only in the dynamics as in the above examples but also in the steady-state flow
towards singular transitions, in which topology is not necessarily changed, as observed in
flow-induced air entrainment [28–30] and selective withdrawal [31]; both of them are useful,
e.g., for macroscopic [32] and microscopic coatings [33] important for chemical, biological,
and medical engineering.
As indicated above, each example of singular transitions is often familiar to everyone
and/or important for applications. In fact, our example of fluid breakup is central to di-
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verse processes, involving two-phase flows, emulsification and drop formation, in industrial,
engineering, and scientific realms. Understanding physical laws governing the dynamics is
useful for various purposes [34]: e.g., (1) industrial production of food such as mayonnaises
and cream and of spray system for painting or planting, (2) engineering development of mi-
crofluidic devices promising for applications in chemistry, biochemistry and material science,
and (3) atmospheric science dealing with formation of raindrops and thunderstorms.
As for the emergence of universality, singular transitions are analogous to critical phenom-
ena in thermodynamic transitions [35–37]. By identifying characteristic physical quantities
and lengths describing the fluid dynamics near the singularity, the properties of the interface
and the flow can be understood in terms of a similarity solution near the transition point,
which allows a simplified description of the dynamics, leading to a deeper understanding of
the phenomena.
However, only a few examples of the above-mentioned singular dynamics have been un-
derstood, and even if well understood, the theory is intricate involving delicate numerical
calculations (In contrast, universal dynamics associated with hydrodynamic instability have
been rather simply understood [1, 38]). Because of this, understanding of the singular dy-
namics is premature. If otherwise, as has been done for critical phenomena, universalities
for the singular dynamics could have been classified.
Here, we report an experimental and theoretical study of appearance of a singularity by
air entrainment caused by a solid disk into a confined viscous medium in the Hele-Shaw cell.
The remarkable features of the present case are that only a single length scale remains near
the singularity to characterize the dynamics and that the length scale simply scales linearly
with time. These exceptionally simple characteristics make the theory completely solvable
in a perturbative sense, leading to analytic scaling functions and demonstrating the essential
physical mechanisms of the singular dynamics in a clear way. Most of previous experimental
examples possess more than one remaining length scales near the singularity and at least
one of universal scaling functions is nonanalytic. This is indeed the case for well-understood
cases [7] such as the pioneering study associated with the Hele-Shaw cell [3] (see just below
Eq.(7)) and another seemingly similar case of the flow-induced air entrainment [28, 30] (see
Discussion for details). Accordingly, the present study advances our general understanding
of the singular dynamics; it represents an important fundamental example of the singular
dynamics, providing insight into unresolved self-similar dynamics such as the electric spout
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of liquid [25], the selective withdrawal [31], and the electric-field-induced drop coalescence
[27], and impacting onto the study of the dynamics of droplets and bubbles in general.
I. RESULTS
A. Experimental
The experimental setup is shown in Fig. 1(a). We create a Hele-Shaw cell with the
thickness D, and fill the cell with a viscous oil (polydimethylsiloxane, or PDMS) with the
kinematic viscosity ν = η/ρ where η and ρ are the viscosity and density of the oil. We insert
a stainless disk [the radius R, the thickness D0 (< D), the density ρs] at the top of the cell.
The bottom of the disk touches the liquid-air interface with zero velocity and the disk starts
to go down in the oil phase due to gravity. Since the disk thickness is slightly thinner than
the cell thickness D, the disk does not directly touch the cell plates and a thin layer of oil is
formed between a front cell plate and a front surface of the disk. The thickness of the film
e is fixed to the value e = (D − D0)/2 (Fig. 1(b)). As a result, the air is dragged by the
disk as in Fig. 1(c) forming a singular shape, with details revealed in Fig. 2(a) and (b) (see
movies 1 to 4 [39]), and finally pinches off to cause a topological transition.
The (x, y, z) coordinate system is specified in Fig. 2(c) (see also Fig. 1(c) in which the
center of gravity of the disk is denoted by zG). For simplicity, the space-time position at the
critical moment of pinch-off (t, x, z) = (tc, xc, zc) is set to the origin of the (t, x, y) coordinate
if not specified. The right-hand side of the air-liquid surface is described by x = h(t, z).
The minimum of the function h(t, z) as a function of z is denoted as (x, z) = (hm, zm).
Under our experimental conditions, the shape of the neck is not axisymmetric and is rather
independent from the y coordinate. In fact, as shown in the magnified snapshot in Fig. 2(a)
and (b), the singular neck shape near the pinch-point is like a sheet of thickness 2hm and
width ≃ D0.
Now, we discuss experimental details of the experiment. The height and width of Hele-
Shaw cells are 12 cm and 9 cm, respectively. The two plates are separated by a spacer of
thickness D. To make the thickness of two thin film layers formed on both sides of the disk
to be nearly equal, we attach two small acrylic plates at the inside surfaces of the cell plates
near the top of the cell. The thickness of the small plates are slightly smaller than e and the
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attached two plates play a role of a gate for the inserted disk. In the present experiment, we
examined different values of e (= 0.2, 0.5, and 1.0 mm) and confirmed that the results are
independent of the value of e in the range. The disk is pre-wetted by the oil before being
dropped into the cell; there is no contact line on the surface of the disk, which removes any
effects of the contact angle on the phenomena. When the cell thickness is smaller than the
values (3 to 5 mm) studied in the present study, the falling velocity of the disk becomes
significantly smaller; there seems to be another regime, in which the cavity shape near the
contact with the disk becomes cone-like, unlike the present regime characterized by the sheet
formation; this issue will be discussed elsewhere. We used a high-speed camera (Fastcam
SA-X, Photoron) with a macro lens (Micro NIKKOR 60 mm f2.8G ED, Nikon) and analyzed
images with a software (Image J). The density of stainless steel (SUS430) is 7.7 g/cm3, while
that of PDMS depends on viscosity: 0.965 for 100 cS and 0.97 for 500 and 1000 cS and 0.975
for 10000 cS in the unit g/cm3.
B. Dynamics of the neck
Figures 3(a)-(b) show zm and hm, together zG, as a function of time for various parameters
ν, D, and R (e = 0.5 mm). Figure 3(c) clearly shows the following relations:
2hm = zm = zG ≡ l(t) (1)
where l(t) (t < 0) is given by
l(t) ≡ v0 × (−t) where v0 = k
∆ρgD2
η
(2)
with k = 0.02764 ± 0.00008, which is close to 1/(12pi) ≃ 0.0265, and ∆ρ = ρs − ρ (see
Discussion for the expression for v0).
Plots in Fig. 4(a)-(c) demonstrate, for two different parameter sets, that the neck profile
h(t, z) has the following scaling form, demonstrating a self similar dynamics with the single
length scale l(t):
2h(t, z)/l(t) = H(z/l(t)) (3)
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Figure 4(d) shows that the data agree quite well with the expression
H(ξ) = 1 + a(ξ − 1)2 with ξ = z/l (4)
with a = 3.1415 ± 0.011, which is close to pi. As stated above, remaining of only a single
length scale near singularity is an exceptionally simple case, similar to the coalescence case
[27], for which physical understanding is lacking.
Further details are discussed below. Since the liquid completely wet the cell plates, we
measure the inner edge of the neck image as 2h. In Fig. 3a and b, the dashed line (the guide
for the eye) are drawn by fitting the first three data (excluding the data at t = 0) for zG (or
zm if zG is not available). In Fig. 4c and d, the average of the left and right branches are
used for the analysis to reduce the experimental error.
C. Theory
As shown below, the existence of the self-similar solution in Eq. (3) with its asymptotic
form in Eq. (4) and the linear dependence of l(t) on t in Eq. (2) can be explained by
considering the air flow near the neck. Below, the physically most important component
of the flow, i.e., the z direction, vz, is denoted as v. Considering that a sheet of air with
thickness ≃ 2h (and width in the y direction ≃ D0 slightly smaller than D) is formed near
the neck, as seen in Fig. 2(a) and (b), it is reasonable to assume that v is independent
of y near y = 0 because h ≪ D. (y = 0 corresponds to the central position between the
two walls separated by the distance D.) We can further assume that v is independent of x,
i.e., v = vz(t, z), near the pinch-off point. This is because the narrowest point of the neck
located at z = zm = l(t) = −v0t moves downwards with the velocity v0 (> 0), and thus
the liquid-air interface drags downwards air at the interface, which makes a plug flow inside
the air neck, since Reynolds number Re = ρav0h/ηa approaches infinitely small towards the
singular point (ρa ≃ 1 kg/m
3 and ηa ≃ 10
−5 Pa·s are the density and viscosity of air and Re
< 0.1 for h < 1 mm since v0 < 10
−3 m/s). Now that we have shown the independence of v
from x and y near the singularity, we obtain the following condition
v(t, z = zm) = −v0, (5)
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and the following equation of continuity:
∂h
∂t
+
∂hv
∂z
= 0. (6)
Eq. (6) can also be justified in the following manner. The pressure value at the neck
is almost precisely equal to that of the atmospheric pressure p0 ≃ 10
5 Pa, which implies
∂ρa/∂t = 0 (with the air density ρa) even for a thin neck. This is because Laplace’s pressure
jump ∆p is negligible compared with p0 as long as the radius of curvature of the air liquid
interface is larger than 0.01 mm, which is the present case; since the neck forms a sheet,
the radius of curvature is independent of the width of a neck. This is in contrast with the
axisymmetric case, in which the radius of curvature scales as the thin neck width and thus
the pressure jump becomes significant at the neck.
Dynamics of h and v coupled in Eq. (6) is completely specified by introducing one more
equation: the z component of the Navier-Stokes equation in the small h limit, in which
viscosity dominates inertia (note that ∂xvz = 0 as before):
ηa
∂2v
∂z2
=
∂∆p
∂z
with ∆p = −γ
∂2h
∂z2
. (7)
(Here, γ is the surface tension of the liquid.) In the pioneering study [3], the left-hand side of
this equation is replaced by an averaged Poiseuille flow independent of z, which unexpectedly
leads to a much more complicated scenario for the appearance of universality.
Eq. (7) can also be justified in the following manner, i.e., we can confirm retrospectively
that the dominating terms in the z component of the Navier-Stokes equation is indeed
expressed as in Eq. (7) near the singularity. From the experimental results, near the
singular point, we expect characteristic scales in the x and z directions lx and lz and a
characteristic time scale τ can be given by lx = lz = εl0, and τ = εt0 with introducing a
small dimensionless parameter ε and units of length and time, l0 and t0, which is explained
as follows. Since the experiment suggests that there is only a single length scale near the
singularity, we can set lx = ly = εl0. The velocity in the z direction is characterized by v0,
a finite value independent of ε. This implies the characteristic time scale tc for the problem
is given by τ = εt0 because v0 ≃ lx/τ ≃ ly/τ is independent of ε. We can now estimate the
order of each term in the z component of the Navier-Stokes equation. The inertial terms
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ρa(∂tvz + vx∂xvz + vz∂zvz) scale as ε
−1 and the gravitational term ρag scale as ε
0, and the
terms remaining in Eq. (7) all scale as ε−2, which justifies that Eq. (7) properly collects
relevant leading order terms near the singularity where ε ≈ 0.
We employ the scaling ansatzs [3, 4, 6, 7, 24, 40]
2h(t, z) = z0t˜
αH(z˜/t˜β); v(t, z) = −v′0t˜
γV (z˜/t˜δ) (8)
with introducing dimensionless scaling function H and V along with the dimensionless vari-
ables z˜ = (z − zc)/z0 = z/z0 and t˜ = v
′
0(tc − t)/z0 = (−v
′
0t)/z0 where z0 and v
′
0 are
arbitrary length and velocity scales, respectively, and substitute them into Eqs. (6) and (7).
(Note in Eq. (8) that γ denotes a dimensionless exponent, not the surface tension.) We here
require that the ansatzs are relevant for these equations near the singularity where t˜ ≈ 0
(i.e., equating all the exponents for the variable t˜) to obtain α = β = δ = 1 and γ = 0.
This set reproduces (with the identification v0 = v
′
0) the scaling form in Eq. (3) and reveals
another scaling structure,
v(t, z) = −v0V (z/l(t)) (9)
In other words, the present analysis concludes that there is only a single length scale l(t)
near the singularity as observed in experiment, which linearly scales with t.
Substitution of the scaling forms in Eqs. (3) and (9), thus obtained theoretically, into
Eq. (6) makes the variables t and ξ = z/l to be separated: the original partial differential
equation can be changed into a set of ordinary differential equations (the first equation
confirms the linear t-dependence of l(t); see the next paragraph for details):
dl/dt = −v0 (10)
(HV )′ = ξH ′ −H (11)
Here, H and V are a function of ξ and the prime indicates the derivative with respect to ξ.
The same substitution into Eq. (7) results in the following expression:
V ′′ = λH ′′′ with λ = −γ/(2ηv0) (12)
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Equations (11) and (12) should satisfy the following boundary conditions (see Fig. 4 for the
first two and Eq. (5) for the last):
H(1) = 1, H ′(1) = 0, V (1) = 1 (13)
Instead of starting from the general ansatzs in Eq. (8), we can start directly from the
scaling ansatz in Eqs. (3) and (9), motivated by experimental results, without assuming the
linear t-dependence of l(t) (with accepting the existence of a single length scale near the
singularity as an experimental fact). From this standpoint, we can show from Eq. (10) that
l(t) should be linearly dependent on t, and we can explain the asymptotic form of the self
similar shape in Eq. (4).
To our surprise, the boundary problem defined by the two ordinary differential equations
for H and V in Eqs. (11) and (12) with the boundary conditions in Eq. (13) can be
solved perturbatively as explained in the next paragraph. By assuming the series expansion
H(ξ) = a0 + a1ζ + a2ζ
2 + · · · with ζ = ξ − 1, we can show a0 = 1, a1 = 0, a2 = 3λa4,
a3 = 0, · · · , i.e., for ζ ≪ 1
H(ξ) = 1 + a2ζ
2 + · · · , and V (ξ) = 1− ζ + · · · , (14)
which explains the experimental result including Eq. (4). Note that we can show an = 0 for
odd n and we can derive expression for an as a function of am (with m < n) for even n up to
any desired order: the present boundary problem can be solved completely in a perturbative
sense. As far as we know, there have been no previous examples of hydrodynamic singular
transition in which scaling functions for the shape and velocity (H and V ) are both analytic;
in all the previously known examples, at least one of the scaling functions is nonanalytic.
Now we derive Eq. (14). Equation (11) can be rearranged as
(1 + V ′)H = (ξ − V )H ′, (15)
from which we obtain
dH
H
= f(ξ)dξ with f(ξ) =
1 + V ′
ξ − V
(16)
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By using the boundary condition H(1) = 1, we get
H(ξ) = eF (ξ) with F (ξ) =
∫ ξ
1
f(ξ)dξ (17)
Since the definition of f(ξ) in Eq. (16) can be recast into the form
V ′ + f(ξ)V = ξf(ξ)− 1, (18)
This first-order linear differential equation for V can be solved as
V (ξ) = e−F (ξ)
[∫ ξ
1
dξ˜eF (ξ˜)
{
ξ˜f(ξ˜)− 1
}
+ 1
]
, (19)
which satisfies V (1) = 1. With using Eq. (17), we get
V (ξ) =
1
H
[∫ ξ
1
dξ˜H
{
ξ˜
H ′
H
− 1
}
+ 1
]
(20)
= ξ − 2
∫ ξ
1
dξ˜H(ξ˜)/H(ξ) (21)
From the conditions H(1) = 1 and H ′(1) = 0, we expand H(ξ) as
H(ξ) = 1 + a2ζ
2 + a3ζ
3 + a4ζ
4 + · · · (22)
with ζ = ξ − 1. From this we obtain
V (ξ) = ξ − 2ζ
1 + a2ζ
2/3 + a3ζ
3/4 + a4ζ
4/5 + · · ·
1 + a2ζ2 + a3ζ3 + a4ζ4 + · · ·
(23)
= 1− ζ + 2ζ(2a2ζ
2/3 + 3a3ζ
3/4− (2a22/3− 4a4/5)ζ
4 + · · · ) (24)
Substituting Eqs. (22) and (23) into Eq. (12), we can determine an perturbatively as a
function of am (with m < n) to obtain Eq. (14).
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II. DISCUSSION
Among the previous studies of singular transitions, the present problem may be very
similar to air entrainment induced by flow [28, 30] in that (1) this singularity occurs for air
surrounded by viscous liquid and (2) a thin sheet of air is formed so that the problem is two-
dimensional but lacks axial symmetry. However, there is an essential difference: the present
self-similarity is for the dynamics, while the self-similarity discussed for the flow-induced
air entrainment is for the steady-state flow approaching a transition. In fact, the universal
scaling function for the shape in the previous study cannot be expressed as a Taylor series
expansion but needs a Frobenius series with a singular exponent 3/2.
We can further explain why v0 is given by the second expression in Eq. (2). For this
purpose, we note that v0 is the magnitude of falling velocity U (= dzG/dt) of the disk in
the oil phase, as seen from Eqs. (1) and (2). The falling velocity U could be determined by
the balance between the gravitational energy gain ∆ρgR2D0U per time and an appropriate
viscous dissipation, which should be the most dominant one among the following three
[41]: dissipation associated with the Couette flow developed inside thin films between the
disk surface and the cell wall ≃ η(U/e)2R2e and dissipations associated with Poiseuille flows
around the disk corresponding to the velocity gradient in the y direction ≃ η(U/D)2R2D and
in the radial direction for the disk ≃ η(U/R)2R2D. The last dissipation may be smaller than
the first two because e,D ≪ R. However, the relative importance of the first and second is
delicate; while the volume of dissipation for the first is well described by 2piR2D, that for the
second can be pi(cR)2D with a fairly large numerical constant c. In the present case, c seems
indeed fairly large and the second dissipation seems the most dominant. This is because the
balance of this dissipation and the gravitational energy gain gives U ≃ ∆ρgD2/η, which is
consistent with Eq. (2).
In summary, our theoretical result explains experimental findings, starting from the gov-
erning equations in (6) and (7); by virtue of the ansatzs in Eq. (8), we showed that only
a single length scale remains near the singularity and this length linearly scales with t, and
we further explained why we observed the self similar shape dynamics demonstrated in Fig.
4 and represented by Eqs. (3) and (4).
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FIG. 1: (a) Experimental setup. (b) Experimental geometry. The disk of radius R with thickness
D0 falls in the Hele-Shaw cell of thickness D filled with a silicone oil of viscosity η and kinematic
viscosity ν = η/ρ (ρ is the density of the oil). Thin oil films of thickness e exist between the surfaces
of the disk and cell walls. (c) Overall pinch-off dynamics of air dragged by the disk observed from
the front of the cell for (ν,D,R, e) = (100, 4, 10, 0.5) where ν is given in the unit cS and the others
are in the unit mm.
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FIG. 2: Pinch-off dynamics observed from the front (a) and from the side (b) for (ν,D,R, e) =
(500, 5, 10, 0.5) with the units specified in Fig. 1. (c) Definitions of geometrical parameters, the
minimum neck width 2hm, the vertical position of the minimum neck zm, and the neck profile
x = h(z, t). Snapshots are taken for (ν,D,R, e) = (100, 3, 10, 0.5).
16
(a) All the data on a linear scale (b) All the data on a log-log scale
(c) All the data collapsed on a master curve
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FIG. 3: The neck width 2hm, the vertical position of the neck zm, and the center of mass of the disk
zG as a function of time t. (t and zm are measured from the origins t = tc and z = zc, respectively,
while zG from z = zG at t = tc.) The symbols are specified in the plots by the set (ν,D,R) as in
Figs. 1 and 2. (a) All the data on a linear-linear scale. (b) The same data on a log-log scale. (c)
All the data collapsed on a single master line with slope one, establishing Eq. (1) with Eq. (2);
the best-fitting line gives k = 0.02764 ± 0.00008. The dashed lines in (a) are guide for the eye.
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FIG. 4: Self-similar dynamics of the neck shape. (a) and (b) Neck profile h(z, t) as a function of
z at different times for (ν,D,R, e) = (100, 4, 12.5, 0.5) and (500, 3, 10, 0.5) in the units cS and mm.
(c) Profiles in (a) and (b) collapsed by rescaling with a single length scale 2hm = zm = l(t). (d)
Right branches of the collapsed neck shape in (c) on a log-log scale, establishing Eq. (4) with the
best-fitting line giving a = 3.1415 ± 0.011.
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